Abstract. The fibre theorem [11] for the moment problem on closed semialgebraic subsets of R d is generalized to finitely generated real unital algebras. As an application two new theorems on the rational multidimensional moment problem are proved. Another application is a characterization of moment functionals on the polynomial algebra R[x 1 , . . . , x d ] in terms of extensions. Finally, the fibre theorem and the extension theorem are used to reprove basic results on the complex moment problem due to Stochel and Szafraniec [12] and Bisgaard [2] .
Introduction
This paper deals with the classical multidimensional moment problem. A useful result on the existence of solutions is the fibre theorem [11] for closed semi-algebraic subsets of R d . The crucial assumption for this theorem is the existence of sufficiently many bounded polynomials on the semi-algebraic set. The proof given in [11] was based on the decomposition theory of states on * -algebras. An elementary proof has been found by T. Netzer [7] , see also M. Marshall [6, Chapter 4] .
In the present paper we generalize the fibre theorem from the polynomial algebra R[x 1 , . . . , x d ] to arbitrary finitely generated unital real algebras and we add further statements (Theorem 3). This general result and these additional statements allow us to derive a number of new applications. The first application developed in Section 3 is about the rational moment problem on semi-algebraic subsets of R d . Pioneering work on this problem was done by J. Cimpric, M. Marshall, and T. Netzer in [5] . The main assumption therein is that the preordering is Archimedean. We essentially use the fibre theorem to go beyond the Archimedean case and derive two basic results on the rational multidimensional moment problem (Theorems 7 and 8). The second application given in Section 4 concerns characterizations of moment functionals in terms of extension to some appropriate larger algebra. We prove an extension theorem (Theorem 19) that provides a necessary and sufficient condition for a linear functional on R[x 1 , . . . , x d ] being a moment functional. In the case d = 2 this result leads to a theorem of J. Stochel and F. H. Szafraniec [12] on the complex moment problem (Theorem 20). A third application of the general fibre theorem is a very short proof of a theorem of T.M. Bisgaard [2] on the two-sided complex moment problem (Theorem 21).
Let us fix some definitions and notations which are used throughout this paper. A complex * -algebra B is a complex algebra equipped with an involution, that is, an antilinear mapping B ∋ b → b * ∈ B satisfying (bc) * = c * b * and (b * ) * = b for b, c ∈ B. Let B 2 denote the set of finite sums j b A * -semigroup is a semigroup S with a mapping s * → s of S into itself, called involution, such that (st) * = t * s * and (s * ) * = s for s, t ∈ S. The semigroup * -algebra C[S] of S is the complex * -algebra is the vector space of all finite sums s∈S α s s, where α s ∈ C, with product and involution The polynomial algebra R[x 1 , . . . , x d ] is abbreviated by R d [x] . By a finite real algebra we mean a real algebra which is finite as a real vector space.
A generalization of the fibre theorem
Throughout this section A is a finitely generated commutative real unital algebra. By a character of A we mean an algebra homomorphism χ : A → R satisfying χ(1) = 1. We equip the setÂ of characters of A with the weak topology.
Let us fix a set {f 1 , . . . , f d } of generators of the algebra A. Then there is a algebra homomorphism π :
For simplicity we will identify χ with x χ and write f (x χ ) := χ(f ) for f ∈ A. Then A becomes a real algebraic subvariety of R d . In the special case
Let A 2 denote the set of finite sums i a 2 i of squares of elements a i ∈ A. Since A is commutative, A 2 is invariant under multiplication and hence the smallest preordering of A.
For a preordering T of A, we define
The main concepts are introduced in the following definition, see [11] or [6] .
To state our main result (Theorem 3) we need some preparations. Suppose that T a finitely generated preordering of A and let f = {f 1 , . . . , f k } be a sequence of generators of T . We consider a fixed m-tuple h = (h 1 , . . . , h m ) of elements h k ∈ A. Let h(K(T )) denote the closure of the subset h(K(T )) ⊆Â inÂ, where h(K(T )) is defined by
For λ = (λ 1 , . . . , λ r ) ∈ R m we denote by K(T ) λ the semi-algebraic set
and by T λ the preordering generated by the sequence
, where λ ∈ h(K(T )). Let I λ be the ideal of A generated by h 1 − λ 1 , . . . , h m − λ m . Then we have T λ := T + I λ and the preordering T λ /I λ of the quotient algebra A/I λ is generated by π λ (f) := {π λ (f 1 ), . . . , π λ (f k )}, where π λ : A → A/I λ denotes the canonical map.
Further, letÎ λ := I(Z(I λ )) denote the ideal of all elements f ∈ A which vanish on the zero set Z(I λ ) of I λ . Clearly, I λ ⊆Î λ and Z(I λ ) = Z(Î λ ). SetT λ := T +Î λ . ThenT λ /Î λ is a preordering of the quotient algebra A/Î λ .
Note that in general we have I λ =Î λ and equality holds if and only if the ideal I λ is real. The latter means that j a 2 j ∈ I λ for finitely many elements a j ∈ A always implies that a j ∈ I λ for all j.
Theorem 3. Let A be a finitely generated commutative real unital algebra and let T be a finitely generated preordering of A. Suppose that h 1 , . . . , h m are elements of A that are bounded on the set K(T ). Then the following are equivalent: (ii) See e.g. [10] , Lemma 4.5. (iii): It suffices to show that both preorderings T + I and T +Î have the same positive characters and the same positive linear functionals on A. For the sets of characters, using the equality Z(I) = Z(Î) we obtain
Conversely, let L be a (T + I)-positive linear functional on A and let f ∈Î. 
′ . Upon multiplying p by some even power off we can assume that 2m = 2 k for some k ∈ N. Then
Being (T + I)-positive, L annihilates I and is nonnegative on
Since L is nonnegative on A 2 , the Cauchy-Schwarz inequality holds. By a repeated application of this inequality we derive
Hence L is (T +Î)-positive which completes the proof of (iii).
Proof of the implication (ii)→(i) of Theorem 3:
As noted at the beginning of this section there is an algebra homomorphism π :
, and A is isomorphic to the quotient algebra
/J . Therefore, the assertion (ii)→(i) of Theorem 3 follows from the corresponding result for the preorderingsT andT λ of the algebra
We state the special case Q = A 2 of Proposition 4 separately as
obeys (MP) (resp. (SMP)) in A if and only if
(A/I) 2 does in A/I.
Our applications to the rational moment problem in Section 3 are based on the following corollary.
Corollary 6. Let us retain the notation of Theorem 3. Suppose that for each
there exist a finitely generated real unital algebra B λ and a surjective algebra homomorphism ρ λ :
λ has in B λ and therefore (B λ /J λ ) 2 has in B λ /J λ by Corollary 5. Since the algebra homomorphism ρ λ is surjective, the algebra
The proof under the assumption ρ λ : B λ → A/Î λ is almost the same; in this case the implication (iii) ′ →(i) of Theorem 3 is used.
Theorem 3 is formulated for a commutative unital real algebra A. In Sections 5 and 6 we are concerned with commutative complex semigroup * -algebras. This case can be easily reduced to Theorem 3 as we discuss in what follows.
If B is a commutative complex * -algebra, its hermitian part
is a commutative real algebra. Conversely, suppose that A is a commutative real algebra. Then its complexification B := A + iA is a commutative complex * -algebra with involution (a 1 + ia 2 ) * := a 1 − ia 2 and scalar multiplication
and A is the hermitian part B h of B. Let b ∈ B. Then we have b = a 1 + ia 2 with a 1 , a 2 ∈ A and since A is commutative, we get
, that is,L is a positive linear functional on B.
Rational moment problems in R d
We begin with some notation and some preliminaries to state the main results.
The real polynomials in a single variable y are denoted by
is a real unital algebra which contains R d [x] as a subalgebra. Let T be the preordering of A generated by
We consider the following assumptions:
(i) The functions h 1 , . . . , h m ∈ A are bounded on the set h(K(T ).
(ii) For all λ ∈ h(K(T )) there are a finitely generated set E λ ∈ D(R[y]), a finite commutative unital real algebra C λ , and a surjective homomorphism
The following two theorems are the main results of this section.
Theorem 7. Suppose that the multiplicative set D ∈ D(R d [x]) is finitely generated and assume (i) and (ii). Then the (finitely generated) real algebra A obeys (MP). For each T -positive linear functional L on A there is a positive regular Borel mea-
If the set D is not finitely generated, a number of technical difficulties appear: In general the algebra A is no longer finitely generated and the character spaceÂ is not locally compact in the corresponding weak topology. Recall that the fibre theorem requires a finitely generated algebra, because it is based on the KrivineStengle Positivstellensatz. However, circumventing these technical problems we have the following general result concerning the multidimensional rational moment problem.
such that D, A, and the preordering T of A generated by f 1 , . . . , f k satisfy assumptions (i) and (ii).
Let T 0 be the preordering of the algebra
The proofs of these theorems require a number of preparatory steps. The following two results for d = 1 are crucial and they are of interest in itself. 
If E is finitely generated, so is the algebra B and B 2 satisfies (MP) in B. In this case, Z(E) is a finite set and µ(Z(E)) = 0.
The proof of Proposition 9 is given below. First we derive the following corollary.
Corollary 10. Suppose that E ∈ D(R[y])
is finitely generated and C is a finite commutative real unital algebra.
Proof. Throughout this proof we abbreviate
. Suppose that L is a positive linear functional on the algebra E −1 R[y] ⊗ C. Let I denote the ideal of elements of C which vanish on all characters of C. Since C is a finite algebra, the character setĈ is finite and each positive linear functional on C is a linear combination of characters, so it vanishes on I. Let f ∈ B. Clearly, L(f 2 ⊗·) is a positive linear functional on C. Thus C has a positive linear functional, C is not empty, sayĈ = {η 1 , . . . , η n } with n ∈ N. Further, L(f 2 ⊗ c) = 0 for c ∈ I. Since the unital algebra C is spanned by its squares, we therefore have L(g ⊗ c) = 0 for all g ∈ B and c ∈ C. We choose elements e 1 , . . . , e n ∈ C such that η j (e k ) = δ jk for j, k = 1, . . . , n and define linear functionals L k on the algebra B by L k (·) = L(·⊗e k ). Since η j (e 2 k − e k ) = 0 for all j, we conclude that e
That is, L k is a positive linear functional on B. Therefore, by Proposition 9, there exists a positive regular Borel measure µ k on R such that L k (f ) = f dµ k for f ∈ B and µ k (Z(E)) = 0. From Lemma 12 below we obtainB = {χ t ; t ∈ R\Z(E)}. It is easily verified that A = ∪ n j=1 {χ t ⊗ η j ; t ∈ R\Z(E)}. We define a positive regular Borel measure µ on
Let f ∈ B and c ∈ C. Since the element c − j η j (c)e j is annihilated by all η k , it belongs to I. Therefore,
that is, L is given by the integral with respect to the measure µ. This shows that A 2 obeys (MP) in the algebra A.
In the proof of Proposition 9 we use the following lemmas. We retain the notation established above. Proof. Suppose that f ≥ 0 on R\Z(q). Then q 2 f = pq ≥ 0 on R\Z(q) and hence on the whole real line, since Z(q) is empty or finite. Since each nonnegative polynomial in one (!) variable is a sum of two squares in R[y], we have pq = p 2 1 + p 2 2 with p 1 , p 2 ∈ R[y]. Therefore, since q ∈ E, we get f = (
. The converse implication is obvious.
, and q ∈ D, we define χ t (
Proof. First we note that for any t ∈ R d \Z(D), χ t is a well-defined character on A, that is, χ t ∈Â.
Conversely, suppose that χ ∈Â.
, q ∈ D, and ϕ ∈ C c (R d ). Then f + ϕ ∈ E and we define
Since Z(q) is nowhere dense in R d , (E, ≥) is a real ordered vector space. In the proofs of the following two lemmas we modify some arguments from Choquet's approach to the moment problem based on adapted spaces, see [3] or [1] .
Lemma 13. For each positive linear functional L on the ordered vector space (E, ≥) there is a regular positive Borel measure
q 2 . We define g on the whole space R d by setting g = +∞ for x ∈ Z(q) and abbreviate
. Let ε > 0 be arbitrary. Obviously, the set
is compact and q 2 (x) ≥ ε for x ∈ K ε . Hence the compact set K ε and the closed set
(Indeed, by the definitions of η ε and K ε we have g(x) = g(x)η ε (x) if x ∈ K ε and g(x) < ε[(
, by Riesz' theorem there exists a positive regular Borel measure µ on R d such that
Using that L is a positive functional with respect to the order relation ≥ on E and inequality (9) and applying (10) with ϕ = gη ε we derive
Since ε > 0 was arbitrary, we conclude that L(g) ≤ gdµ.
To prove the converse inequality, let U q be the set of η ∈ C c (R d ) such that 0 ≤ η ≤ 1 on R d and η vanishes in some neighborhood of Z(q). Since Z(q) is nowhere dense in R d and using again by the positivity of L and (10) we obtain
Therefore, L(g) = gdµ. Thus we have proved the equality in (8) for elements of the form g = 
Proof. Let f ∈ E, f ≥ 0 and f = p q , where q ∈ D. Let U q be as in the preceding proof. For η ∈ U q we have f η ∈ C c (R d ) and hence lim i f η dµ i = f η dµ. Then (11) that is, f ∈ L 1 (µ). Since E is spanned by its squares, E ⊆ L 1 (X; µ). Now we use notation and facts from this proof of Lemma 13 and take an element g =
q 2 as thererin Setting h = ( x 2 + 1)g + g 2 , inequality (9) means that g ≤ gη ε + εh.
Using this inequality and (11), first with f = g and then with f = h, we derive
Since gη ε ∈ C c (R d ), lim i gη ε dµ i = gη ε dµ by the vague convergence. Therefore, taking lim i in the preceding inequality yields |L(g) − g dµ| ≤ 2 εL(h). Hence L(g) = g dµ by letting ε → +0. Arguing as in the proof of Lemma 13 this implies that L(f ) = f dµ for all f ∈ A.
Proof of Proposition 9. Set E := B + C c (R). Let (E, ≥) be the real ordered vector space defined above, see (7) . Let f ∈ B. By Lemma 11, we have f ≥ 0 if and only if f ∈ B 2 . Hence L(f ) ≥ 0. Since R[y] ⊆ B, A is a cofinal subspace of the ordered vector space (E, ≥). Therefore, L can be extended to a positive linear functionalL on (E, ≥). Applying Lemma 13, with d = 1 and A replaced by B, to the functionalL yields (7) .
Suppose in addition that E is finitely generated. Let q 1 , . . . , q r be generators of E. Then the algebra B is generated by y, q −1 1 , . . . , q −1 r , so B is finitely generated. Further, Z(E) = ∩ j Z(q j ), so the set Z(E) is finite. If q ∈ E, then q −2 ∈ A and hence L(q −2 ) = q −2 dµ < ∞. Therefore, µ(Z(q)) = 0, so that µ(Z(E)) = 0.
Hence, by Lemma 12, the integral in (7) is over the setÂ ∼ = R\Z(E) and µ is a positive regular Borel measure onÂ. Thus, B 2 has property (MP).
Remarks. 1. It is possible that there is no nontrivial positive linear functional on the algebra B in Proposition 9; for instance, this happens if Z(E) = R.
2. Let B be a real unital algebra of rational functions in one variable and consider the following conditions:
(i) All positive linear functionals on B can be represented as integrals with respect to some positive regular Borel measure on R (or on the character setB), (ii) f ∈ B and χ(f ) ≥ 0 for all χ ∈B implies that f ∈ B 2 .
It seems to be of interest to characterize those algebras B for which (i) or (ii) holds. By Proposition 9 and Lemma 11 the algebra E −1 R[y] satisfies (i) and (ii).
Proof of Theorem 7. First we note that the algebra A is finitely generated, because D is finitely generated by assumption. Let us fix λ ∈ h(K(T )) and abbreviate B λ := E 
for all D ∈ I, the set {µ D ; D ∈ I} is vaguely compact. Hence there is a subnet of the net (µ D ) D∈I which converges vaguely to some regular positive Borel measure µ on R d . For notational simplicity let us assume that the net (µ D ) D∈I itself has this property. Now we fix F ∈ I and apply Lemma 14 to the net (µ D ) D⊇F , the algebra A F and the functional L = L 0 ⌈A F to conclude that L 0 (f ) = f dµ for f ∈ A F . Since each function f ∈ A 0 is contained in some algebra A F with F ∈ I, (5) is satisfied. This completes the proof.
The general fibre Theorem 3 fits nicely to the multidimensional rational moment problem, because in general the corresponding algebra A contains more bounded functions on the semi-algebraic set K(T ) than in the polynomial case. We illustrate the use of our Theorems 7 and 8 by two simple examples. The ideas therein can be combined to treat more involved examples. . Suppose that D is generated by E and p 2 + α for some ]. Replacing E −1 R[y] by such an algebra the fibre theorem will lead to further results on the multidimensional rational moment problem.
An extension theorem
In this section we derive a theorem which characterizes moment functional on R d in terms of extensions. Throughout let A denote the real algebra of functions on (R d ) × := R d \{0} generated by the polynomial algebra R d [x] and the functions
Clearly, these functions satisfy the identity Proof. It is obvious that for any x ∈ R d \{0} the point evaluation χ x at x is a character on the algebra A satisfying (χ(x 1 ), . . . , χ(x d )) = 0.
Conversely, let χ be a character of A such that x := (χ(x 1 ), . . . , χ(x d )) = 0. Then the identity (x
and therefore
Thus χ acts on the generators x j and f kl , hence on the whole algebra A, by point evaluation at x, that is, we have χ = χ x . Next let us note that the quotient of A by the ideal generated by R d [x] is (isomorphic to) the algebra C(S d−1 ). Therefore, if χ is a character of A such that (χ(x 1 ), . . . , χ(x d )) = 0, then it gives a character on the algebra C(S d−1 ). Clearly, each character of C(S d−1 ) comes from a point of S d−1 . Conversely, each point t ∈ S d−1 defines a unique character of A by χ t (f kl ) = f kl (t) and χ t (x j ) = 0 for all k, l, j. 
Proof. It suffices to prove that A 2 has (MP). The assertions follow then from the definition of the property (MP) and the explicit form of the character set given in Lemma 17.
From the description ofÂ it is obvious that the functions f kl , k, l = 1, . . . , d, are bounded onÂ, so we can take them as polynomials h j in Theorem 3. Consider a non-empty fibers for λ = (λ kl ), where λ kl ∈ R, and let χ ∈Â be such that χ(f kl ) = λ kl for all k, l. If χ = χ t , then χ(x j ) = 0 for all j and hence A/I λ = C · 1 has trivially (MP). Now suppose that χ = χ x for some
. This implies that the quotient algebra A/I λ of A by the fiber ideal I λ is an algebra of polynomials in the single variable x k . Therefore, by Hamburger's theorem on the solution of the one-dimensional moment problem, the preordering (A/I λ ) Proof. Assume first that L has an extension to a positive linear functional L on A. By Theorem 18, the functional L on A is of the form described by equation (14). We define a positive Borel measure µ on R d by
Thus L is moment functional on R d [x] with representing measure µ. Conversely, suppose that L is a moment functional on R d [x] and let µ be a representing measure. Since f kl (t, 0, . . . , 0) = δ k1 δ l1 for t ∈ R, t = 0, we have lim t→0 f kl (t, 0, . . . , 0) = δ k1 δ l1 . Hence there is a well-defined character on the algebra A given by χ(f ) = lim t→0 f (t, 0, . . . , 0), f ∈ A,
, we have
For f ∈ A we define L(f ) by the right-hand side of (16). Then L is a positive linear functional on A which extends L.
Remarks. 1. The problem of characterizing moment sequences in terms of extensions have been studied in several papers such as [12] , [9] , and [4] .
2. Another type of extension theorems has been derived in [9] . The main difference to the above theorem is that in [9] , see e.g. Clearly, N 2 0 is a subsemigroup of the larger * -semigroup N + = {(m, n) ∈ Z 2 : m + n ≥ 0} with involution (m, n) * = (n, m).
The following fundamental theorem was proved by J. Stochel and F.H. Szafraniec [12] . 
